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Ferromagnetic interactions in non-Kekulé polymers were analyzed under the periodic boundary condition. We
transformed Bloch functions of non-bonding crystal orbitals (NBCOs) into Wannier functions. The product of the
�-th and (�þ 1)-th Wannier functions was defined as PNBCO�;�þ1 (product of NBCOs). In so-called nondisjoint-type
polymers, ferromagnetic ground states resulted from instabilities of anti-parallel-spin states in PNBCO�;�þ1. The insta-
bilities consisted of ‘‘on-site term’’ and ‘‘through-space term.’’ The former corresponded to squared amplitude of the
same atomic site on PNBCO�;�þ1, and the latter corresponded to antibonding-through-space interactions in PNBCO�;�þ1.
The instabilities led to ferromagnetic-spin alignment. On the other hand, in so called disjoint polymers, such instabilities
did not emerge.

Non-Kekulé polymers are �-conjugated polyradicals, of
which molecular structures cannot be drawn only by classical
C=C double bonds.1–3 Their ground states have been predicted
to be ferromagnetic from the viewpoint of molecular orbital
method1 and valence bond method.2 1 described in Fig. 1 is
the simplest non-Kekulé polymer, which is an extended system
of allyl radical. N represents the number of unit cells. In the
case of N ¼ 1, 1 becomes trimethylenemethane (2), which is
a well-known triplet biradical with two non-bonding molecular
orbitals (NBMOs) and two unpaired electrons.4–10 The
NBMOs can be made to be span the common atoms, and thus,
it is called a nondisjoint-type.4 In general, if two NBMOs of a
certain non-Kekulé system can be made to span commom
atoms, they are ‘‘nondisjoint.’’4–6 Oppositely, if the NBMOs
cannot be made to span common atoms, they are ‘‘disjoint.’’4–6

Although the NBMOs are degenerate within the Hückel
molecular orbital method, they can be made to minimize the
exchange integral by using unitary transformation.6 Such a pair
of NBMOs is a ‘‘localized NBMOs,’’ which are localized as
much as possible.6 For example, the localized NBMOs of 2
are shown in Fig. 2. The procedure to obtain localized NBMOs
has been established by Aoki and Imamura.6 They have shown
that sum of the squared amplitudes of the localized NBMOs,
which has been called Lij index, is approximately proportional
to the exchange integral.6

Recently, we have introduced the concept of PNBMO,
which is a two-electron wave function consisting of the prod-
uct of localized NBMOs.11 It has been shown that antibonding-
through-space interactions in PNBMO amplitudes contribute
to the triplet preference of nondisjoint-type biradicals.11 The
PNBMO of 2 is shown in Fig. 2. In the PNBMO, the antibond-
ing-through-space interactions caused by the out-of-phase
moiety ‘‘Panti-fragment’’ destabilize the singlet state, because
the Coulomb repulsions of the triplet state are reduced.11

PNBMO analysis is helpful to understand the origin of ferro-
magnetic interactions in general nondisjoint biradicals.11

Nondisjoint NBMOs result from linkage of ‘‘starred atoms’’

to ‘‘unstarred atoms’’4 and resultant orbital mixing.6 1 is con-
structed by this type of linkage, even in the limit of N !
1, as shown in Fig. 1. Therefore, chain polymer 1 has infinite
nondisjoint NBMOs. Nondisjoint NBMOs lead to high-spin
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Fig. 1. Molecular structures of the simplest non-Kekulé
polymer 1, trimethylenemethane 2, poly-m-phenylene 3,
m-phenylene 4, polycyclobutadiene 5, cyclobutadiene 6.
The polymers were treated under the periodic boundary
condition.
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organic polyradicals. Indeed, 1 has been theoretically predict-
ed to be a ferromagnetic compound with strong spin polariza-
tion.3 Moreover, high-spin states have been observed in hetero-
atom-containing derivatives of 1,12 and there has been increas-
ing interest in high-spin polymer and/or oligomers, of which
skeletons are based on 1.13,14

3 in Fig. 1 is also a nondisjoint system known as poly-m-
phenylene, which is an extended system of benzyl radicals.
The skeleton is also constructed by linking the ‘‘starred atoms’’
to the ‘‘unstarred atoms.’’ m-Phenylene (4) in Fig. 1, which
corresponds to N ¼ 1, is also a triplet biradical.5 In the case
of oligomers with N > 1, high-spin states has been theoreti-
cally established.10,15 That is, m-phenylene skeleton is a robust
ferromagnetic coupler. Tyutyulkov and Karabunarliev have
also been predicted the ferromagnetic ground state of 3 by
using the Ising Hamiltonian.16

5 is another type of non-Kekulé polymer, which has
disjoint-type linkage, that is, ‘‘unstarred atoms’’ to ‘‘unstarred
atoms’’ as shown in Fig. 1. 5 is regarded as an extended system
of singlet biradical cyclobutadienes (6),4,17 and a tetramethyl-
eneethane-type resonance structure can be drawn within each
adjacent cell, which is disjoint type.17 From a theoretical study
on oligo-cyclobutadienes,17 the ground state of 5 has been
predicted to be not ferromagnetic.

Thus, nondisjoint NBMOs play an essential role in ferro-
magnetic spin alignment in non-Kekulé polymers. By using
nondisjoint systems, many high-spin polyradicals with large
spin-quantum number have been suggested and realiz-
ed.9,10,18–21 As for infinite-extended systems, Tyutyulkov and
co-workers have clarified the ferromagnetic interactions of
many non-Kekulé polymers by using Wannier functions.16,22

In their treatment, however, amplitude pattern of the Wannier
functions is not taken into account, and the Wannier functions
are treated so as to be localized only at one unit cell.16,22 This
is inadequate to distinguish magnetic properties of disjoint and
nondisjoint systems, because Wannier functions localized only
at one unit cell scarcely overlap each other both in disjoint and
nondisjoint systems. Thus, we took amplitude-pattern depend-

ence of Wannier functions into account and analyzed ferro-
magnetic interactions of non-Kekulé polymers. In this process,
PNBMO analysis was adapted for chain polymers.

In this paper, the PNBMO concept was theoretically ex-
panded for non-Kekulé polymers under the periodic boundary
condition. We transformed the Bloch functions in the non-
bonding crystal orbitals (NBCOs) into Wannier functions.
The product of the �-th and (�þ 1)-th Wannier functions was
defined as PNBCO�;�þ1 (product of NBCOs). It was shown
that squared amplitudes of PNBCO�;�þ1 represented the insta-
bilities of anti-parallel-spin states of non-Kekulé polymers. In
nondisjoint polymers, the instabilities of anti-parallel-spin
states consisted of an ‘‘on-site term,’’ which corresponded to
the squared amplitude on the same atomic site in PNBCO�;�þ1,
and a ‘‘through-space term,’’ which corresponded to the anti-
bonding-through-space interactions in PNBCO�;�þ1. On the
other hand, in disjoint polymers, both on-site and through-
space terms were negligible. A qualitative description of the
ferromagnetic interactions in non-Kekulé polymers was em-
phasized by analyzing nondisjoint polymer 1, 3, and disjoint
polymer 5.

Theoretical

In order to explain our method, we first analyzed the sim-
plest non-Kekulé polymer 1. 1 has NBCOs within the Hückel
molecular orbital method. We constructed Bloch functions of
the NBCOs and transformed them into Wannier Functions.
Wannier functions are suitable for our purpose, because they
are localized expression of Bloch functions, analogous to
localized NBMOs.22

The unit cell of 1 was defined as described in Fig. 1. The
numbers 1–3 in the unit cell are index of the carbon atomic
sites. The Bloch functions ’k are expressed by using the
NBCOs coefficients CrðkÞ, which depend on wavenumber k

running �� to �:

’k ¼
1ffiffiffiffi
N

p
XN
�

Xn
r

expðik�ÞCrðkÞ��;r; ð1Þ

where � and r are indices of unit cell and atomic orbitals
therein, respectively. N and n are number of unit cells and
atomic orbitals therein, respectively. � represents the 2pz
atomic orbitals. In the case of 1, r is from 1 to 3. The NBCOs
coefficients CrðkÞ are obtained by solving secular equation as
follows:

x 1þ eik 0

1þ e�ik x 1

0 1 x

�������
������� ¼ 0; ð2Þ

where x is:

x ¼
�� "
�

: ð3Þ

� and � are Coulomb and resonance integral, respectively. " is
orbital energy.
From Eqs. 2 and 3, we obtained three energy dispersions as
follows:

x ¼ 0; x ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k
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Fig. 2. Localized NBMOs and their product PNBMO of 2.
The out-of-phase moiety ‘‘Panti-fragment’’ contributes to
triplet preference.
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The NBCOs correspond to the dispersion with x ¼ 0. The
NBCOs coefficients CrðkÞ become:

C1ðkÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ 2 cos k
p ; ð5Þ

C2ðkÞ ¼ 0; ð6Þ

C3ðkÞ ¼ �
1þ e�ikffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p : ð7Þ

Since CrðkÞ generally becomes complex number, we adopt
the real part as follows:

C0
rðkÞ ¼

1

2
fCrðkÞ þ CrðkÞ�g ¼

1

2
fCrðkÞ þ Crð�kÞg; ð8Þ

where CrðkÞ� is the complex conjugate of CrðkÞ, and CrðkÞ� is
identical to Crð�kÞ. This procedure guarantees even-function
character of Wannier functions, which is used later.

The Wannier functions are obtained by the following
transformation:16

 � ¼
XN
�

Xn
r

arð�� �Þ��;r ; ð9Þ

where arð�� �Þ is:

arð�� �Þ ¼
1

2�

Z �
��

expfið�� �ÞkgC0
rðkÞdk; ð10Þ

in the limit of N ! 1.
The coefficient arð�� �Þ depends on only the difference
(�� �). We express (�� �) as �:

� ¼ �� �: ð11Þ

� is difference between the unit-cell number � and �. a1ð�Þ is
calculated by numerical integration of concrete expression of
Eq. 10, that is,

a1ð�Þ ¼
1

2�

Z �
��

cosð�kÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p dk: ð12Þ

a2ð�Þ is zero, because C2ðkÞ is zero. a3ð�Þ is calculated by
using following relation:

a3ð�Þ ¼ �a1ð�Þ �
1

2
fa1ð� þ 1Þ þ a1ð� � 1Þg: ð13Þ

This relation was confirmed by using the addition theorem of
exponential function. We note that arð�Þ are even functions
with respect to �, that is,

arð�Þ ¼ arð��Þ: ð14Þ

This is supported by Eqs. 8 and 10.
� dependence of arð�Þ in 1 is shown in Fig. 3. We can see

that each arð�Þ (r ¼ 1, 3) decreased when the absolute value of
� increased. In particular, arð�Þ with j�j � 2 were trivial com-
pared with arð0Þ and arð1Þ. This means that the �-th Wannier
function is localized only at (�� 1)-th cells, that is,

0 < . . . jarð�3Þj < jarð�2Þj � jarð�1Þj < jarð0Þj
> jarð1Þj � jarð2Þj > jarð3Þj . . . > 0: ð15Þ

Therefore, we supposed that:

arð�Þ ¼ 0 when j�j � 2: ð16Þ

This situation is schematically illustrated in Fig. 4. The �-th
Wannier function  � was localized at the (�� 1)-th cells.
Similarly, the (�þ 1)-th Wannier function  �þ1 was localized
at the fð�þ 1Þ � 1g-th cells. Then,  � and  �þ1 overlap each
other between the �-th and (�þ 1)-th cells expressed by
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Fig. 3. Wannier-function coefficients of 1. Both a1ð�Þ and
a3ð�Þ rapidly decayed when j�j � 2.
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Fig. 4. Degree of localization in the Wannier functions.
The �-th Wannier function  � is spread over (�� 1)-th
cells. In nondisjoint polymers, the �-th and (�þ 1)-th
Wannier-functions ( � and  �þ1) overlap each other
between �-th and (�þ 1)-th cells.
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shadow. As is shown later, the overlap between �-th and
(�þ 1)-th Wannier functions is formulated as two-electron
wave function PNBCO�;�þ1, and plays an important role in
ferromagnetic interactions in non-Kekulé polymers.

The electronic configuration of the ferromagnetic state of
the polymer 1 by using the Wannier functions is described
in Fig. 5. We note that simultaneous occupancy of two elec-
trons with parallel spin at the same Wannier function is for-
bidden by the Pauli principle. Therefore, ferromagnetic inter-
actions occur between two Wannier functions with different
index �. The overlaps between the Wannier functions, that
is, product of Wannier functions, did not vanish only between
the �-th and (�þ 1)-th cells, as mentioned above. Therefore,
we focused on amplitude pattern in the product of the Wannier
functions  � �þ1, as described below.

We constructed two-electron wave function by product of
the �-th and (�þ 1)-th Wannier functions as PNBCO�;�þ1:

PNBCO�;�þ1

¼  �ð1Þ �þ1ð2Þ

¼
XN
�

Xn
r

arð�� �Þ��;rð1Þ

 !

�
XN
�0

Xn
s

asð�0 � �� 1Þ��0 ;sð2Þ

 !

¼
XN
�þ�

Xn
r

arð�Þ��þ1;rð1Þ

 ! XN
�0þ�0

Xn
s

asð�0 � 1Þ��0þ�;sð2Þ

 !

¼�
X�1;0;1

�

Xn
r

arð�Þ��þ�;rð1Þ

 ! X0;1;2
�0

Xn
s

asð�0 � 1Þ��0þ�;sð2Þ

 !

¼
Xn
r

farð�1Þ���1;rð1Þ þ arð0Þ��;rð1Þ þ arð1Þ��þ1;rð1Þg

" #

�
Xn
s

fasð�1Þ��;sð2Þ þ asð0Þ��þ1;sð2Þ þ asð1Þ��þ2;sð2Þg

" #
;

ð17Þ

where Equation 16 was applied in the approximation. The
electron number ‘‘1’’ and ‘‘2’’ were added as bold letters for
clarification. Equation 17 is further approximated using the
‘‘neglect of differential overlap’’ (NDO) as follows:

PNBCO�;�þ1 ¼� C

" X�-th cell

r

farð�1Þarð0Þ��;rð1Þ��;rð2Þg

þ
X(�þ 1)-th cell

r

farð0Þarð1Þ��þ1;rð1Þ��þ1;rð2Þg

#

¼ C

" X�-th cell

r

farð0Þarð1Þ��;rð1Þ��;rð2Þg

þ
X(�þ 1)-th cell

r

farð0Þarð1Þ��þ1;rð1Þ��þ1;rð2Þg

#
: ð18Þ

In the last expression, even-function character of arð�Þ
(Eq. 14) was applied. We note that the first and second sum-
mations in the last expression are taken in the �-th and
(�þ 1)-th cell, respectively. C is chosen so that PNBCO�;�þ1

is normalized under the NDO approximation. NDO approxi-
mation is useful for description of non-Kekulé systems.11

The last expression in Eq. 18 makes it possible to obtain
schematic representation of PNBCO�;�þ1 by simple product
between the coefficients on the same atomic site in the �-th
and (�þ 1)-th cells.

Figure 6 shows the amplitude pattern of  �,  �þ1, and
PNBCO�;�þ1 of 1. Since the NDO approximation was
applied, the PNBCO�;�þ1 contained only ionic terms, that is,
��;rð1Þ��;rð2Þ and ��þ1;rð1Þ��þ1;rð2Þ. Therefore, the squared
amplitudes of the PNBCO�;�þ1 represent the instabilities of
the anti-parallel-spin states. In short, since simultaneous occu-
pancy of two electrons with parallel spin at the same atomic
orbital is forbidden by the Pauli principle, resultant reduction
of Coulomb repulsion leads to parallel-spin preference in
PNBCO�;�þ1. This situation resembles that in nondisjoint
biradicals, in which the squared amplitudes of the product of
NBMOs (PNBMO) represent singlet instabilities.6,11 Nondis-
joint-type biradicals have triplet ground states, and the sum
of the squared amplitudes of PNBMO is approximately pro-
portional to the exchange integral between two NBMOs.6,11

Therefore, apart from the normalization factor, the sum of
the squared amplitudes of PNBCO�;�þ1 is considered to be
approximately proportional to exchange integral between the
two Wannier functions  � and  �þ1. Such a consideration
is in line with recent studies of high-spin oligomers and/or
polymers using the Lij index.6,20,21 Although the Lij index
has been defined in oligomers and extended to polymers by
extrapolation,6,20,21 PNBCO�;�þ1 is formulated in infinite sys-
tems under the periodic boundary condition. In 1,  � and
 �þ1 are nondisjoint, because the product between them, that
is, PNBCO�;�þ1 is not zero.

ψψ 1 2 3 . . .. . . ν ν +1 . . .. . .

. . .. . . . . .. . .

ψ ψ ψ ψ

Fig. 5. Electronic configuration of ferromagnetic states in
nondisjoint polymers.
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Fig. 6. Schematic representation of the �-th and (�þ 1)-th
Wannier-functions ( � and  �þ1) in 1. Their product
PNBCO�;�þ1 is also shown.
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We next explain through-space interactions in non-Kekulé
polymers analyzing 1. The through-space interactions are de-
duced by focusing on amplitude pattern of the PNBCO�;�þ1.
The antibonding through-space interactions in PNBCO�;�þ1

stabilized the ferromagnetic state. The PNBCO�;�þ1 of 1 con-
tained in-phase and out-of-phase moieties created by the non-
nearest-neighbor atomic sites as depicted in Fig. 7. The in-
phase and out-of-phase moieties are described as ‘‘Psym-frag-
ment’’ and ‘‘Panti-fragment,’’ respectively, in Fig. 7. Psym-frag-
ments and Panti-fragments influence anti-parallel-spin state in
each PNBCO�;�þ1 via through-space interactions. In short, the
anti-parallel-spin states are stabilized by Psym-fragments and
destabilized by Panti-fragments, analogous to through-space
interactions in nondisjoint biradicals.11 Of all non-nearest-
neighbor atomic sites, only the second-nearest-neighbor atomic
sites significantly contribute to through-space interactions.11

Therefore, the interactions between the fourth-nearest-neigh-
bor atomic sites are negligible, as indicated in Fig. 7. It can
be seen from Fig. 1 and Fig. 7 that the Panti-fragments always
appear around the ‘‘unstarred atoms.’’ In nondisjoint systems,
the Panti-fragments are created by orbital mixing.11 This can
be schematically explained analyzing nondisjoint biradical 2.
That is, linkage of ‘‘starred atoms’’ to ‘‘unstarred atoms’’ leads
to orbital mixing, which creates in-phase and out-of-phase
moieties in the NBMOs,11 as seen from Fig. 2. Then, resultant
product of NBMOs (PNBMO) contain an out-of-phase frag-
ment, that is, Panti-fragment. In general, at least one Panti-frag-
ment appears around the ‘‘unstarred atoms’’ in PNBMO of
nondisjoint biradicals.11 Then, PNBMO in nondisjoint
biradicals becomes rich in antibonding character. This situa-
tion has been clarified by using unitary transformation of
NBMOs.11 Similarly, in extended systems, PNBCO�;�þ1 be-
comes antibonding rich, as shown in Fig. 7. Moreover, in non-
disjoint systems, the destabilization energy due to Panti-frag-
ments is larger than the stabilization energy due to Psym-frag-
ments.11 Therefore, in non-Kekulé polymers, through-space
interactions in Panti-fragments are more significant than those
in Psym-fragments.

Next, as another example of nondisjoint polymer, the
Wannier functions and PNBCO�;�þ1 of 3 are shown in Fig. 8.
The derivation of the Wannier functions is given in appendix.
The amplitude-pattern analysis is similarly described in Fig. 9.
From Fig. 9, we can see that the number of Panti-fragments is
larger than that of Psym-fragments. That is, the PNBCO�;�þ1 is
also rich in antibonding character.

In contrast to nondisjoint polymer 1 and 3, PNBCO�;�þ1 of
disjoint polymers vanished under the NDO approximation.
This was shown by analyzing disjoint polymer 5. The non-
bonding Bloch functions of 5 were independent of wave-
number k, and each Wannier function was localized only on
one unit cell. The derivation of this situation was given in ap-
pendix. Each PNBCO�;�þ1 vanished, because PNBCO�;�þ1 cre-
ated between adjacent cells does not overlap each other. This
situation is schematically described in Fig. 10. In such a case,
anti-parallel-spin states in PNBCO�;�þ1 are not destabilized.
Indeed, derivatives of 5 did not show ferromagnetic spin align-
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Second-nearest neighbor

'P anti-fragment' × 3
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Fig. 7. Through-space interactions in PNBCO�;�þ1 of 1.
Whereas in-phase moiety ‘‘Psym-fragment’’ contribute to
anti-parallel-spin preference, the out-of-phase moiety
‘‘Panti-fragment’’ contribute to parallel-spin preference.
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Fig. 8. Schematic representation of the �-th and (�þ 1)-th Wannier-functions ( � and  �þ1) in 3. Their product PNBCO�;�þ1 was
also shown.
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ment.17 Through-space interactions in PNBCO�;�þ1 are also
trivial in disjoint polymers.

In the next section, through-space interactions described
above are clarified by introducing overlap integral into
PNBCO�;�þ1.

Discussion

Since PNBCO�;�þ1 vanishes in disjoint polymers, hereafter,

we focused on nondisjoint polymers. Through-space inter-
actions in PNBCO�;�þ1 are formulated by taking into account
overlap integral, because the interactions occur between
non-nearest-neighbor carbon atomic sites. Taking into account
the overlap integral sst between atomic site s and t,
PNBCO�;�þ1 in Eq. 18 is extended as follows:

PNBCO�;�þ1 ¼�
C

" X�-th cell

r

farð0Þarð1Þ��;rð1Þ��;rð2Þg þ
X(�þ 1)-th cell

r

farð0Þarð1Þ��þ1;rð1Þ��þ1;rð2Þg

#
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z�;�þ1

p ; ð19Þ

where Z�;�þ1 is:

Z�;�þ1

¼ 2C2

X�-th cell

s6¼t

fasð0Þasð1Þgfatð0Þatð1Þgþ

X(�þ 1)-th cell

s6¼t

fasð0Þasð1Þgfatð0Þatð1Þgþ

X�-th and (�þ 1)-th cell

s6¼t

fasð0Þasð1Þgfatð0Þatð1Þg

2
666666666664

3
777777777775
sst

2 ð20Þ

In Eq. 20, the first and second summations are taken in the �-th
and (�þ 1)-th cell, respectively, and the third summation is
taken between the �-th and (�þ 1)-th cells.
Then, square of PNBCO�;�þ1 becomes:

PNBCO�;�þ1
2

¼� ð1þ Z�;�þ1Þ�1

� C

" X�-th cell

r

farð0Þarð1Þ��;rð1Þ��;rð2Þg

þ
X(�þ 1)-th cell

r

farð0Þarð1Þ��þ1;rð1Þ��þ1;rð2Þg

#

� C

" X�-th cell

s

fasð0Þasð1Þ��;sð1Þ��;sð2Þg

þ
X(�þ 1)-th cell

s

fasð0Þasð1Þ��þ1;sð1Þ��þ1;sð2Þg

#

¼� C2ð1� Z�;�þ1Þ

�

" X�-th cell

r

farð0Þ2arð1Þ2��;rð1Þ2��;rð2Þ2g

þ
X(�þ 1)-th cell

r

farð0Þ2arð1Þ2��þ1;rð1Þ2��þ1;rð2Þ2g

#
; ð21Þ

under the NDO approximation. The term (1� Z�;�þ1) resulted
from Taylor expansion with respect to Z�;�þ1.

The squared amplitudes of PNBCO�;�þ1 in Eq. 21 also
represent instabilities of the anti-parallel-spin state, because
Equation 21 includes only square of ionic terms, that is,
��;rð1Þ2��;rð2Þ2 and ��þ1;rð1Þ2��þ1;rð2Þ2. We can see from
Eq. 21 that the squared amplitude of PNBCO�;�þ1 is influ-
enced by Z�;�þ1. Z�;�þ1 depends on amplitude pattern of
PNBCO�;�þ1 as described below.

In Eq. 20, the term asð0Þasð1Þatð0Þatð1Þ is product of the s-th

in phase

'P sym-fragment' ×× 6

out of phase

'P anti-fragment' × 7

Fig. 9. Through-space interactions in PNBCO�;�þ1 of 3.
Whereas in-phase moiety ‘‘Psym-fragment’’ contribute to
anti-parallel-spin preference, the out-of-phase moiety
‘‘Panti-fragment’’ contribute to parallel-spin preference.

ψψ ν +1

PNBCO , +1 = +1

2

1−

2

1

2

1−

2

1

ψ ν

ψν ψν ν ν

Fig. 10. Schematic representation of the �-th and (�þ 1)-th
Wannier-functions ( � and  �þ1) in 5. Their product
PNBCO�;�þ1 vanishes, because  � and  �þ1 are localized
only at one unit cell.
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and t-th PNBCO�;�þ1 amplitudes. This term is positive when
the s-th and t-th PNBCO�;�þ1 amplitudes have the same sign.
Oppositely, the term is negative when the s-th and t-th
PNBCO�;�þ1 amplitudes have different sign. Therefore, the
term asð0Þasð1Þatð0Þatð1Þ is positive in Psym-fragments and
negative in Panti-fragments, respectively. Thus, from Eq. 21,
Psym-fragments decrease the anti-parallel-spin instabilities. In
other words, bonding interactions in Psym-fragments stabilize
anti-parallel-spin states. Oppositely, Panti-fragments increase
the anti-parallel-spin instabilities, i.e., antibonding interactions
in Panti-fragments destabilize anti-parallel-spin states. This
means that Panti-fragments contribute to parallel-spin prefer-
ence. Thus, through-space interactions in PNBCO�;�þ1 influ-
ence the anti-parallel-spin states. In particular, through-space
interactions in Panti-fragments are ferromagnetic.

Again, from Figs. 7 and 9, we can see that the number of
Panti-fragments is larger than that of Psym-fragments. This is
characteristic of nondisjoint systems, as mentioned above.
Then, through-space interactions in PNBCO�;�þ1 become
antibonding rich. Therefore, Z�;�þ1 is negative and:

ð1� Z�;�þ1Þ > 1: ð22Þ

Thus, from Eq. 21, the degree of anti-parallel-spin instabilities,
that is, the squared amplitude of PNBCO�;�þ1, increases by
antibonding-through-space interactions. The instabilities are
based on Coulomb repulsions in anti-parallel-spin states in
PNBCO�;�þ1, as mentioned above. Then, the instabilities in
anti-parallel-spin states of PNBCO�;�þ1 consist of ‘‘on-site
term’’ and ‘‘through-space term.’’ The former corresponds to
squared amplitude of the same atomic site on PNBCO�;�þ1,
and the latter corresponds to antibonding-through-space
interactions due to Z�;�þ1 in PNBCO�;�þ1. This situation is
expressed as follows:

jPNBCO�;�þ1j2 ¼� jPNBCO�;�þ1j2ðon-site termÞ
þ jPNBCO�;�þ1j2ðthrough-space termÞ: ð23Þ

Strictly speaking, vibronic interactions characteristic of
degenerate systems23 may play some roles in the instabilities.
However, their contributions to the ferromagnetic interactions
are probably small, because the non-bonding characters in
many non-Kekulé systems are essentially conserved even if
they are subject to Jahn–Teller and/or Peierls distortions.8,17,24

Thus, ferromagnetic interactions in periodic-non-Kekulé
polymers were attributed to the relaxation of Coulomb
repulsions in anti-parallel-spin states in PNBCO�;�þ1.

Conclusion

Ferromagnetic interactions in non-Kekulé polymers were
analyzed under the periodic boundary condition. The product
of the �-th and (�þ 1)-th Wannier functions was defined as
PNBCO�;�þ1 (product of NBCOs). We showed that squared
amplitudes of PNBCO�;�þ1 represented the instabilities of anti-
parallel-spin states. The instabilities were due to Coulomb re-
pulsions in anti-parallel-spin states. In nondisjoint polymers,
the instabilities consisted of an ‘‘on-site term,’’ which corre-
sponded to the squared amplitude on the same atomic site in
PNBCO�;�þ1, and a ‘‘through-space term,’’ which corre-
sponded to the antibonding-through-space interactions in
PNBCO�;�þ1. Such instabilities led to ferromagnetic interac-

tions. On the other hand, in disjoint polymers, such instabilities
did not emerge.

Appendix

Bloch functions and Wannier functions of 3 are deduced by
solving secular equation as follows:

x 1 0 0 0 eik 0

1 x 1 0 0 0 1

0 1 x 1 0 0 0

0 0 1 x 1 0 0

0 0 0 1 x 1 0

e�ik 0 0 0 1 x 1

0 1 0 0 0 1 x

�����������������

�����������������

¼ 0: ðA-1)

From Eq. A1, we obtained the non-bonding Bloch functions
corresponding to x ¼ 0:

C1ðkÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

10� 2 cos k
p ; ðA-2Þ

C3ðkÞ ¼ �C5ðkÞ ¼ �
1� e�ikffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 2 cos k

p ; ðA-3Þ

C7ðkÞ ¼ �
1þ e�ikffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 2 cos k

p ; ðA-4Þ

C2ðkÞ ¼ C4ðkÞ ¼ C6ðkÞ ¼ 0 ðA-5Þ

Although the complex conjugates of these Bloch functions are
consistent with those in the literature,16 they are still complex
numbers. We needed to adopt their real parts so that correspond-
ing Wannier functions became even functions with respect to �.
The real parts of them were made by Eq. 8, and corresponding
Wannier functions satisfied following relations.

a1ð�Þ ¼
1

2�

Z �
��

2 cosð�kÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 2 cos k

p dk; ðA-6Þ

a3ð�Þ ¼ �a5ð�Þ

¼ �
1

2
a1ð�Þ þ

1

4
fa1ð� þ 1Þ þ a1ð� � 1Þg; ðA-7Þ

a7ð�Þ ¼ �
1

2
a1ð�Þ �

1

4
fa1ð� þ 1Þ þ a1ð� � 1Þg; ðA-8Þ

a2ð�Þ ¼ a4ð�Þ ¼ a6ð�Þ ¼ 0: ðA-9Þ

Similarly, non-bonding Bloch and Wannier functions of 5 were
determined by solving secular equation as follows:

x 1 eik 1

1 x 1 0

e�ik 1 x 1

1 0 1 x

����������

����������
¼ 0: ðA-10)

When x ¼ 0, we obtained:

C1ðkÞ ¼ C3ðkÞ ¼ 0; ðA-11Þ

C2ðkÞ ¼ �C4ðkÞ ¼
1ffiffiffi
2

p ; ðA-12Þ

a1ð�Þ ¼ a3ð�Þ ¼ 0; ðA-13Þ

a2ð�Þ ¼ �a4ð�Þ ¼
1

2�

Z �
��

expfið�� �Þg
1ffiffiffi
2

p
� �

dk

¼
1ffiffiffi
2

p ��� ð� ¼ �� �Þ: ðA-14Þ
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Each Wannier function is localized only at one unit cell due to the
Kronecker’s delta.
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